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' Abstract: The Plancherel formula is one of the celebrated results of harmonic analysis on semisim- 
' pie Lie groups and their homogeneous spaces. The main goal of this work is to find a q-analogue of 
■ the Plancherel formula for spherical transform on the unit matrix ball. Here we present an explicit 
I— —I formula for the radial part of the Plancherel measure. The q-Jacobi polynomials as spherical functions 
naturally arise on the way. 

^ 1 Introduction 

Let us recall one of the most common problems of harmonic analysis on homogenous spaces. Let G 

be a real Lie group, K he a. closed subgroup and di' be a G-invariant Haar measure on X = K\G. 

^SJ ■ The representation of G by right shifts in Lp'{X,dv) 

> 
00 

o 

Tjj- • is strongly continuous and unitary. It is called a quasiregular representation. The problem is to find 
^ , a decomposition of R into irreducible representations. 

^) ' A special case of the Riemannian symmetric space X = K\G and its isometry group was studied 
^ ' in detail ([9], p. 192; [10], p. 506). Harmonic analysis for these spaces was developed by E. Cartan, 
• • , I. Gelfand, F. Berezin, Harish-Chandra, S. Gindikin, F. Karpelevich. 

. ' The problem of harmonic analysis is closely connected with the following. Consider the algebra 
^ Dg{X) of all G-invariant differential operators on X. An important result of the representation theory 
is that the decomposition of R can be obtained by using common eigenfunctions of operators from 
Dg{X). Namely, the shifts of a common eigenfunction generate an irreducible subrepresentation of 
R. 

In the case of a Riemannian symmetric space the algebra Dg{X) is finitely generated and commu- 
tative ([9], p. 431). Consider a set of the generators of Dg{X) and their restrictions Ci,C2, • • • j^r 
onto the subspace of smooth X-invariant functions on X with compact support. The Plancherel 
measure is a Borel measure in r-dimensional space, and the problem is to find this measure. 

Let us describe briefly how to find common eigenfunctions. Recall that an irreducible strongly 
continuous unitary representation T is called a representation of type I if it contains a nonzero K- 
invariant vector v. We can assume that {v,v) = 1. The function f{g) = {T{g)v,v) is called a 
spherical function. It is constant on double cosets K\G/K, so it corresponds to a iiT-invariant function 
on X. This function is a common eigenfunction of operators Ci,C2,--- ,jC.r. The problem of the 
decomposition of ii'-biinvariant functions on G in terms of the spherical functions naturally arises 
while solving the general decomposition problem of L'^{X,dv). 
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Consider a more special case. The homogeneous space SUn,n/ S{Un x [/„) is a Hermitian symmetric 
space of noncompact type. It has the standard Harish-Chandra reahzation as the unit bah 



(in the space of complex n x n-matrices with respect to the operator norm) . It worth to be mentioned 
that standard generators of Dg{X) are well known and their common eigenfunctions are Jacobi 
polynomials [71 [TT]. 

Quantum bounded symmetric domains were introduced in 1998 by L. Vaksman and S. 
Sinel'shchikov [23]. L. Vaksman with his collaborators managed to develop the noncommutative 
complex analysis and representation theory on quantum domains. A series of works were dedicated 
to quantum matrix balls that are the simplest examples of quantum bounded symmetric domains 



In the case of quantum disk some problems of noncommutative harmonic analysis are solved \15\ 
I16j . In particular, explicit formulas for the invariant integral, spherical functions, and the Plansherel 
measure are obtained. 

In this paper we generalize results mentioned above for the quantum matrix ball case. Imitating 
the classical approach, we construct a family of commuting 'q-differential' operators and find the exact 
formula for their common eigenfunctions. We use spherical functions which appeare to be g'-Jacobi 
polynomials. We obtain the decomposition of the biinvariant functions in terms of the spherical 
functions and the exact formula for the 'radial part' of the Plancherel measure. 

The authors are grateful to L. Vaksman for formulation the problems and invaluable discussions. 
We also thank D. Shklyarov for many important remarks. 

2 The radial part the of [/g5[2n- invariant integral 
2.1 Preliminaries on the quantum matrix ball 

All results from the next two subsections form the basic notions in the theory of quantum bounded 
symmetric domains. We refer to |24tl21j for the first appearance and full consideration of these notions. 

Let q € (0, 1). All algebras are assumed to be associative and unital, and C is the ground field. 

Consider the well-known quantum universal enveloping algebra (see e.g. |13j ) Uq5l2n corresponding 
to the Lie algebra 5l2n- Recall that UqSi2n is a Hopf algebra with the generators {Ei, Fi, Ki, K~^}f2:i^ 
and the relations 



B = {z e Mat. 



'n 



Z\\ < 1} 



[29ll3Ql|22l[3l[2T]. 



KiKj = KjKi, K,Kr' = Rr'K, = 1; 
KiEi = q'^EiKi, KiFi = q^^FiKf, 
KiEj = q^^EjKi, KiFj = qFjKi, \i - j\ = 1; 
KiEj = EjKi, KiFj = FjKi, \i - j\ > 1; 



q — q~ 




EfEj - {q + q-^)EiEjE, + EjEf = 0, \i - j\ = 1; 
F^Fj - (g + q-^)FiFjFi + FjF^ = 0, \i - j\ = 1; 



EiEj — EjEi — FiFj — FjFi — 0, 



i-j\ > 1. 
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The coproduct, the counit, and the antipode are defined as fohows: 



AEj = Ej^l + Kj Ej, e{Ej) = 0, S{Ej) = -Kj^Ej, 

AFj = Fj KJ^ + 1 Fj, e{Fj) = 0, S{Fj) = -FjKj, 

AKj = Kj (g) Kj, e{Kj) = 1, S[Kj) = Kr\ j = 1, 2n - 1. 

Equip the Hopf algebra UgSi2n with the involution *: 

(r^±iY-K^i F*-S ^i^J' 77*-/ J'^^' 

' ^ ' ' I -K,F„ j = n, \ -E,KJ\ j = n. 

Then Uq5Un,n *== {UqShn, *) is an *-Hopf algebra. It is a quantum analogue of the algebra 
UsUn^n '^M. C, where sUn,n stands for the Lie algebra of the noncompact real Lie group SUn,n- 

Let f/<j5(g[„ X gl^) c UqS[2n denote the Hopf subalgebra generated by Ej,Fj,j ^ n, and 
Ki, K^^ ,i = 1, 2n — 1. The corresponding Hopf *-subalgebra in C/qSU„,n is denoted by Uq5{un x u„). 

Recall important definition of the weight module. A ?7g5[2n-module V is called a weight one if 

^=0^A, Vx = {vGV \KiV = q''^v, i = 1, 2, . . . , 2n - 1 } , 

A6P 

where A = (Ai, A2, . . . , ^2n-i) and P is the weight lattice of the Lie algebra 5(2™- Nonzero summand 
Vx is called a weight subspace of the weight A. 

Further, all C/q5(2n-niodules are assumed to be the weight ones what allows us to introduce the 
linear operators Hj, j = 1, . . . ,2n — 1, m V such that 

HjV = rjjV, V G Vfj. 

Therefore, one can formally consider 



K 



±1 _ „±H, 



We recall a definition of the *-algebra Pol(Matn)q from [21j. First, let CfMat^j^ denote the well- 
known algebra with the generators z", a, a = 1, n, and the relations 

z^z^ — qz^z^ = 0, a = bSza<P, or a<b^a = /3, (1) 

z^z^-z^z^ = 0, a<P k a>b, (2) 

z^z^-z^z^-{q-q-')z!z^ = 0, a < (3 k a < b. (3) 

The algebra C[Mat„]q is called the algebra of holomorphic polynomials on the quantum nxn matrices 
space (see [T3j). 

Similarly, let C[Mat„]g denote an algebra with the generators (z^)* , a, a = l,...,n, and the 
relations 

(z^riz^r -qiz^Yiz^r =0, a = b k a</3, or a<b k a = /?, (4) 

{ztT{z2r-{z:r{z^,r=Q, a<(3 k a>b, (5) 

(zfr(o*-(z,T(^fr-('z-g-')(^?r(^fr = 0, (6) 

Moreover, let C[Mat„, © Mat„]g denote an algebra with the generators , (z^)* , a, a = 1, . . . , n, 
relations ([I]) - (0), and additional relations 

n n 

(^fr< = 9' E R{b,a,b\a')R{P,a,0,a')z'^, {z^,:y + {l-q^)5,,6''^, 

a',b'=l a',/3'=l 
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where Sab, (5"^ are Kronecker symbols and 



9 \ iy^jkj=j'ki = i', 

1, i = j = i'=j'^ 

(q-^-l), i = jki'=j'ki'>i, 

0, otherwise. 



Finally, let Pol(Mat„)g '== (C[Mat„ Mat^Jg,*) be an *-algebra with the natural involution: 
* : I— > (2°)*. The algebra Pol(Matri)q is called the algebra of polynomials on the quantum n x n 
matrices space (see [13]). 

We now recall an irreducible *-representation of Pol(Mat,i)g in a pre-Hilbert space. Let 7i denote 
the Pol(Mat„)g-module with one generator vq and the defining relations 

(^a )*«o = 0, a,a = l,...,n. 

Let Tp denote the representation of Pol(Mat„)q which corresponds to 7i. It is called the Fock 
representation. All statements of the following proposition are proved in [21j. 

Proposition 1 1. Tl = C[Mat„]gWo. 

2. H is a simple Fol{Matn) g-module. 

3. There exists a unique sesquilinear form (•, •) on 7i with the following properties: 
i) i'Vo,vo) = 1; a) ifv,w) = iv,f*w) for all v,w eTC, f £ Pol(Mat„)g. 

4- The form (•, •) is positive definite on 7i. 

Also it is proved in [21j that Pol(Mat„)g is a C/gSUn,n-module algebra 0. The action of generators 
of Uq5Un,n IS given by the formulae 

2z^, a = n &i a = n, 
HnZ^ = \ 2°, a = n a ^ n or a n Sz a = n, 
0, otherwise, 



1, a = n a = n, 
0, otherwise. 



p _ „i/2 

j^^z^z'^, a ^ n &i a ^ n, 

EnZa = -q^^"^ ■ { {Znf', a = nSza = n, 

zllZa, otherwise, 



for all a, a = 1, . . . , n; and with k ^ n 



z^, k < n a = k or k>n&ia = 2n — k, 
Hi^z" = i —z^, k<nSza = k + l or k>n&ia = 2n — k-\-l, 




•^a+ii k < n Sz a = k, 
Fkz2=q^''^-{ z^+^, k>n&za = 2n-k, 
0, otherwise, 



-^5 



-Zq-ii k<n&ia = k + l, 
EkZ^ = q-'^/^ ■ { z^-'^, k>nka = 2n-k + l, 
0, otherwise. 



^i.e., the multiplication in Pol(Matn)5 is a morphism of (y^sun^n-modules, and the involutions in Pol(Mat,i)q and 
UqSUn,n are compatible. 
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Let 

An = {(Ai, As, . . . , A„) G Z!^ I Ai > A2 > . . . > A,} 

be a set of partitions of length not larger than n. Similarly to the classical case, one obtains the 
decomposition C[Mat„]g = 0_!^gyv into a sum of C/g5(u„ x u„)-isotypic components, where 

C[Mat„]g^A is a simple C/g5(u„ x u„)-module with the highest weight 

(Ai — A2, A„-i — A„, 2A„, A„_i — An, Ai — A2). 

This decomposition gives rise to the decomposition 

n= ^Hx, nx = C[Mat„],,AWo- 
AeA„ 

Recall a definition of the quantum analogue of the Harish-Chandra embedding of the Hermitian 
symmetric space S{Un x Un)\SUn,n ^ Mat„. Let C[SL2n]q denote the well-known Hopf algebra with 
the generators {tjj}jj=i,...,2n and the relations 



t 



lb — qt/3btaa = 0, 
taatf3b — t^btaa = 0, 

taat/Bb — tf^btaa — {Q — Q~^)tf3atab = Oj 



a = b & a < (3, or a < b &: a = P, 
a < (3 & a > b, 
a < (3 & a < b, 



detq t = 1. 



Here det^t is the g-determinant of the matrix t = (ijj)jj=i,...,2n defined by 



detgt — ^2 (-Q')'^''''*ls{l)*2s(2) • • • *2ns(2n)) 



with l{s) = card{(i, j)| i < j &: s{i) > s{j)}. The comultiplication A, the counit e, and the antipode 
S are defined as follows: 



S(tij 



) det„ t J j, 



where tjj is the matrix derived from t by discarding its j-th row and its i-ih. column. 

We equip C[S'L2n]g with the standard C/gS[2n-module algebra structure as follows (see |2l]): for 
k = l,..,2n - 1, 



Ek • t 



k ' ^ij 



-1/2 I k — j 1, 

1 0, otherwise, 



Ek ' tij 



,1/2 



tij+li k — j, 

0, otherwise, 



Kk-t 



qtij, k — j, 
q ^tij, k = j — 1, 
otherwise. 



(7) 
(8) 



Denote by ^^gStj^ the Hopf algebra obtained from Uq5l2n by changing the multiplication to the opposite 
one. We can also equip C[SL2n]q with a [/^slg^-module algebra structure as follows: for /c = 1, .., 2n — 1, 



Ek ■ t 



-1/2 J ^«+lj' ^ — ^1 



0, 



otherwise, 



^i—lj 1 ^ — i + 1, 

0, otherwise. 



Kk ' tij 



Qtij ^ k — z , 
q'^tij, k = i + l, 
[^tij, otherwise. 
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So, C[SL2n]q is a Uq5l2n [/qS[2n-niodule algebra (see [2I])- The subalgebra 

(6 ® 6)/ = e(ei)efe)/, 6 G ^,s(gl„ X 0[J°P, ^2 G C/,s(0[, X QlJ} (9) 

will be referred as the subalgebra of [/qs(g[„ x gl^)-biinvariants. 
Equip C[SL2n]q with the involution given by 

i*, = sign[(i - n - l/2)(n - j + l/2)](-gy-^ det^ t^,-. 

It can be proved that C[woSUn,n\q *== {'C[SL2n\q, *) is an C/g5U„^„-module *-algebra. It is a g-analogue 
of the algebra of regular functions on the real affine algebraic manifold woSUnn, wher^ 



Wo 



-J 
J 



J 
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1 \ 
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J 



For any multiindices I = {1 < h < 12 < ■ ■ ■ < ik 1^ 2n} and J = {1 < ji < j2 < ■ ■ ■ < jk 1^ 2n} we 
use the following standard notation for the corresponding minor of the matrix t: 



^Afc det V-/ . ^ 

seSfc 

We now introduce short notation for the elements 



«2Ji,(2) • • • ^ikja{k)- 



t = t 



An 



{l,2,...,n}{n+l,n+2,...,2n.}' 



X = tt* 



(10) 



Note that t, t* , and x quasi-commute with all generators tij of C[SL2n]q, and that C[woSUn,n]q is an 
integral domain (see [EJ). Let C[woSUn^n]q,x be the localization of ClwoSUn^nlq with respect to the 
multiplicative set (see |6]). The following statements are proved in |21j . 

Proposition 2 There exists a unique extension of the UqSUn^n-'fnodule *-algebra structure from 

C[woSUn,n]q tO C[woSUn,n]q,x ■ 

Proposition 3 There exists a unique embedding of the Uq5Un,n-i^odule *-algebras 

i : Pol(Mat„)g ^ C[wQSUn,n]q,x 

such that 



j.An 

^ '^{l,2,...,n}Jac^ 



where Jaa = {n + 1, n + 2, . . . , 2n} \ {2n + 1 — a} U {a}. 

The last proposition gives us a g-analogue of the Harish-Chandra embedding. It allows us to 
identify Pol(Mat„)q with its image in C[wQSUn,n\q,x- 



^The matrix wq corresponds to the longest element of the Weyl group of the Lie algebra s\2n- 
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2.2 The algebra of finite functions and the invariant integral 

It is well known that in the classical case q = 1 a positive definite SU„,n-iiivariant integral can not 
be defined on the polynomial algebra in the unit ball D ^ Mat„. However, it is well defined on the 
space of smooth functions with compact support on D. These observations are still applicable for the 
quantum case. Here we provide the definition and some basic properties of a (/-analogue of the algebra 
of finite functions following [19] . 

Let us consider a C/qSU„^„-module *-algebra Fun(B)q obtained from Pol(Mat„)q by adding a genera- 
tor /o and the relations 

f2 

— Jo — Jo ' 
{z2rfo = 0, foz^ = 0, a,a = 1,2,..., n. 
The UqSUn, n-^odule algebra structure can be extended from Pol(Mat„)q to Fun(B)q as follows: 

gV2 ^ ^ qi/2 

Hnfo = 0, Fnfo = 5 7/0(2:^)*, Enfo = ^Z^fo, 

g ^ — 1 1 — q'^ 

Hkh = Fkfo = Ekfo = 0, ky^n. 

The two-sided ideal T'(B)g = Pol(Mat„)g/oPol(Matn)q is a C/g5Un^„-module *-subalgebra (see p9]). 
The elements of the two-sided ideal D{D)q will be called finite functions on the quantum matrix ball 
B. 

The Fock representation Tp of Pol(Mat„)g can be extended up to the representation of Fun(B)q, 
and so for every finite function / € 2)(B)g there exists an operator Tp(/), and 

TFiVCD)^) = {Ae End(7^) | A\n^ / for a finite set of indices A E A„}. 

Consider the gradings 

C[Matn]q,k = C[Mat„]q,A, k G Z+, 

|A|=fc 

and 

C[M^]g^_k = C[Mi^U]g,A, k G Z+, 

|A|=fc 

where |A| = Ai + A2 + . . . + A„. 
It is evident that 

Lemma 1 The Fock representation Tp has a unique extension to a representation of the *-algebra 
Fun(B)q such that the element fo maps to the orthogonal projection onto the vacuum subspace. 

Let us keep the same notation Tp for this extension. 

Proposition 4 The representation Tp provides the isomorphism of the *-algebra 2)(D)q and the *- 
algebra of all finit^ linear operators in Ti. 

Proof. Tp is an *-representation. So, we have to prove that the restriction of Tp on ©(B)^ is a 
bijective mapping from I'(B)g to the algebra of all finite linear operators in 7i. 

Let T){B)q^ij = C[Mat„]g,i • /o • C[Mat„]g_j. If / S I'(B)g,ij then the linear operator Tp{f), 
f € Ti{U)q^ij maps Tij to 7ii and it is equal to zero on ^ Tik- We obtain a linear mapping from 

D(B)q^jj to Hom(7-^j, It is surjective by Proposition [H and 

dim'D(B)<y,ij = dim Ylom{nj,Hi). 



'a linear operator A in H is called finite if AHj — for all j € Z+ except a finite set. 
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Thus, the representation Tp provides the isomorphism 



D(D)g,ij = C[Mat„],,i /o C[Matn]q,-j = Rom{nj,ni). 

oo oo 

But T>{0)q = 'D{3)q^ij, and Hom(7^j,7ij) in End 7^ is the vector space of finite hnear opera- 

i,j=0 i,j=0 

tors. □ 

Proposition 5 The representation Tp provides the bijection of the space o/?7qS(0[„ x qI^^) -invariants 
in T){D)q and the space of finite linear operators in Ti that are scalars on every UqS{Ql^ x Ql^)-isotypic 
component H\, A G A„. 

Proof. 

i) If / is a UqS{Ql^ X 0l^)-invariant vector, then Tp{f) maps a highest vector of Tix to a highest 
vector of a Uq5{Q[j^ x g[„)-isotypic component with the same weight. 

ii) The action of f7gs(0[„ x gt^) in Ti is multiphcity free. 

iii) Now i) and ii) imply that if / is a C/qS(g[„ x g[„)-invariant vector, then Tp{f)\-j-i^ is an endo- 
morphism of the simple C/qs(0[„ x 3[„)-module 7i\. So Tp{f ) is scalar on 7i\, A G A^. □ 

Denote the space of C/gs(0(„ x gl^) -invariants in !D(D)q by 

CD(D),)^'^(0'"X0'") = {/e!D(I])), I U = e{i)f, e G f/,5(s(„ X 0(J}. 

Denote 

^ 2n-l 
3=1 



The following proposition is also stated in [19j . 
Proposition 6 The linear functional 

I fdv = (1 - qY^^{Tp{f)q-^P). f e Dmq, (11) 

is a positive definite Uq5[2n-i'nvariant integral on 'D(D)q, i.e. 

I Udu = e{i) I fdu, e G t^gSbn 

and 

''f*fdiy>0, for//0. 



For the sketch of the proof refer to [23', §5]. 

Further we consider the restriction of invariant integral (jlip to the space of C/|js(g[„ xgl„)-invariants 
in D(B)g. We will call this restriction the radial part. 

2.3 The radial part of the invariant integral 

In this Subsection we will describe the support of radial part of the invariant measure di^ and find an 
exact formula for the radial part of the invariant integral. 
Consider the elements of C[vuoSUn,n\q- 

i'C{l,2,...,n}, Jc{n+l,n+2,...,2n} 
card(/)=card{ J)=fc 
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It follows from the results of ^ that Xk, k = 1,2, ...,n, are pairwise commuting self-adjoint 
n X Un)-biinvariants. These elements generate the subalgebra of all Uq5(un X Un)-biinvariant 
elements in ClwoSUn^n], as follows from the results of [2] and [1]. So, 

Denote by T the *-representation of the *-algebra C[woSUn,n]q corresponding to the permutation 

1 2 ... n-1 n n+1 n+2 ... 2n-l 2n 
n+1 n+2 ... 2n-l 2n 1 2 ... n-1 n 

(see [211 §4])- This representation allows a unique extension to the representation of C['WoSUn^n]q,x, 
where x is defined in (llOp . It is proved in [211 §4,5] that the representation Tp is unitary equivalent 
to the restriction of the representation T to Pol(Mat„)g. Consider the short notation 

It is also proved in [4J that 

T{xk)\n,=q''^''-'^ek{q-^(-^+'^), fc = l,2,...,n, A G A„, 

where 6 = (n — 1, n — 2, . . . , 1, 0) € A„, is the elementary symmetric polynomial in n variables of 
the degree k. So, the set of common eigenvalues of the operators T(xi), T{x2), ■ ■ ., T{xn) is 

Sd = {(ei(g~2(A+^)),^2g,(<^-2{A+5))^ . . . ,g"(«-i)e.(<z-2{A+5))) , ^ ^ 

Thus the algebra Ciwo^f/n.nlf"^^""''""^^"''®^"^^""''""^ can be identified with the algebra of polyno- 
mial functions on Sjo). Following Propositions U [5] the algebra Xj^p)^'®'^^'"^^'"-' can be identified with 
the algebra ©(Sp) of functions f{xi,X2, ■ ■ ■ with finite support on Sj}. 

Lemma 2 The mapping 
zs a bijection. 

Proof. The surjectivity follows from the definition of T,o. Let us prove the injectivity. The function 
is strictly increasing as / G [0,+oo), so the mapping 

A„ ^ R", A ^ g-2(A+<5) 

is an injection. Due to the Viet theorem, the mapping 

is also an injection since g~2(Ai+n-i) y g-2(A2+n-2) > _ _ > q-2Xn £q]. g^j^y ^ Now we have the 
injectivity of the composition. □ 
Consider the algebra C[ui,U2, ■ ■ ■ , n„] and the injection 



l[xi,X2,...,Xn]^C[ui,U2,...,Un], Xfc l-^ g''^'' ^^Cfc (ui , . . . , U„) . (12) 

3WS one to identify the subalgebra CIwqSU. 
bra of all symmetric polynomials in variables ui,U2, ■ ■ ■ ,Un- 



This injection allows one to identify the subalgebra C[woSUn,n]g^''^^^^^^^ ®c/q£i(u„xu„) ^-^j^ alge- 
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Specify 

Ad = I A e A^}. 

Let also T)(Ad) be the algebra of functions f{ui, U2, ■ ■ ■ , Un) with finite support on the set Ajq. Then 

a)(Ao) = 2)(So). 

More exactly, the bijection is as follows: 

^'D(Ao) : /(xi,X2,...,x„) ^/(ei(n),g2e2(n),...,g"("-^)e„(^x)). 

Thereby, 



2)(Ao) = D{^o) = D(P)^'^^^'"''^'"^. (13) 

In the sequel we do not distinguish between 'D{Aji,) and !D(D)^''^^®'"^®'"'*. 

Recall the definition of a multiple Jackson integral with 'base' (see |27]): 

r r'" . . . r'" Hu)d,-.n, . . . d,..^. (i - qr e ^Pii-'^'^'^h-'^'^'^- (m) 

Jq-2(n~l) Jq-2{u^2) Ji ^ 

Proposition 7 T/ie restriction of the invariant integral ( fi j|] to t/ie space ^^(p)^''^'^^'"^^'"^ ^5 

f{xi,X2, ...,Xn) dv = 



Ml \ ... / /(ei (li),?^ 62(14), ... ^^e„(n))A(u)^ d-2ni(i„-2U2 ••• d«-2Un, 

Jg~2{n~l) Jq~2(-a~2) Jl 

where A{u) = H ("« ~ '"i); = (1 - g2)n(n-i)gri(ri-i)^^^-2<5'j-2 ^ positive constant. 

1< j<jr<n 

The constant J\f can be found easily by calculating the integral for the element /q: 

j hdu = {i- qY = m - g^)"A(,-2.)2^-2i.i 

So, 

AT = (1 - g2)«{'^-l)^«{«-l)A(g-2'5)-2. (15) 

Proof. Consider the integral 



7] : f 1-^ / .../ /(ei(ti),g^e2('u),... ^)en(u))A(u)^ (i„-2ni(i„-2n2 . . . 4-2iin. 

Jg-2{n-l) Jg-2(u-2) Jl 

Let us show that integrals r/ and 77 are equal up to a multiplicative constant on the space 
D(B)^''^'-^'"^®'"^ (the normalizing constant is calculated in (|15p ). 
Let us compute r/(/): 

?](/) = const / ... / /(ei(ti),g^e2(ti), . . . ,g"^""^^e„(n))A(ti)2 d -2ni . . .d„-2Un = 



const /(ei(<?-2("+^)),g2e2(g-2(^+^)),...,g"("-i)e„(g-2(^+^))) A(<?-2(^+^))2g-2|A+^1. 
AeA„ 
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Let us also compute r]{f): 

rjif) = const tT{TF{f)q-^n = const ^ tr ( TpifMn, q'^'ln, ) = 

AeA„ 

= const d, f{e,{q-'^'+\q\,{q-'^'+\ . . . , g"("-^)e.(g-2(^+^))), 
A6A„ 

where d\ = It { )• computation we essentially use the fact that the operators 

?>(/), / e !D(ID))J''^^^'"''^'"^ are scalar on each Hx. 
Introduce the notation 

n— 1 n— 1 

Hq = nHn + ^ jHj + ^ jH2n~j , 

i=i j=i 

then 

n—l n—1 

-2/5 = -nHo - ^ i(n - - ^i(n - j)i?2n-i- 
i=i i=i 

Consider the subalgebra in [/gs(gl„ x g[„) generated by {Ej,Fj,K^^}j^n- It is isomorphic to 
UqSln 'S' UqSln- The restriction of the representation of ?7qS(0[„ x 0[„) in fix to the subalgebra UqSln ^ 
UqSln is equivalent to the representation vr Kl vr, where vr is an irreducible representation of UqSln with 
highest weight (Ai — A2, A2 — A3, . . . , A„„i — A^). Consequently (see [I3l §7.1.4]), 

dx=tTi g-'^^lwj ( tr(^g-2^'"')|^,„,) f = q-'\'\Sxiq-''f, 

n-1 

where p^^^ = ^ jin — j)Hj, and 



Sx{zi,Z2, ...,Zn] 



det(2:f-'"^-' ^)i,j=l,2,...,n 



det(4 ^)i,j=l,2,...,n 



is the Schur polynomial [T71 §1.3]. So 5a((7 ^'^) = ^^(q-^'^)^^ ' ™^ 

77(/) = const ^ /(ei(<Z"'(^+')), g'e2(r2(A+5))^ _ _ _ ^ ^n(n-l)g^(^-2(A+5))) ^ 

AeA„ 

= const A(,-2(^+^))V(ei(g-^(^+^)),g^e2(g-2(^+^)),...,g"("-i)e„(g-^(^+^^ 
AeA„ 

Now it is obvious that the integrals r] and rj are equal up to a multiplier. □ 

3 Spherical functions on quantum Grassmanian 

Consider the involution ★ in Uq5l2n determined by 

{Kfy = Kf, E* = KjF„ F^ = E,K-\ 

Then Uq5U2n = {Uq5l2n,*) IS an *-Hopf algebra. It is a quantum analogue of f7su2n ®r C 
Consider also the involution * in C[SL2n]q determined by 



{l,2,...,2n}\{j},{l,2,...,2n}\{j}- 
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The *-Hopf algebra C[SU2n\q = {C[SL2n\g,*) is a C/g5U2n-niodule >K-Hopf algebra. It is a well-known 
quantum analogue of the algebra of regular functions on the Lie group SU2n (see [31], [32]). 

It is well known that in the classical case the Cartan duality between compact and noncompact 
Hermitian symmetric spaces allows one to predict some results of harmonic analysis in the noncompact 
case using the easier compact case. In this Subsection we explore this observation. We construct a 
family of difference operators for the quantum Grassmanians. These operators are obtained using the 
action of the center of Ug5l2n- Afterwards, our construction allows us to introduce difference operators 
in the case of quantum matrix ball. 

3.1 Spherical functions 

It is well known that for any finite-dimensional irreducible [/gS(2n-module V 

Hence {Ug5l2n,Ug5{Ql^ x gl^)) is a "quantum Gelfand pair". As in the classical case, let us define a 
simple finite-dimensional weight C/qS[2n-niodule to be spherical, if dimy^«®*^3'"^s[„) = i_ 

Remark 1 It is well known (126^ . 125\ theorem 4-4- 1]) that a simple finite- dimensional weight UqSi2n- 
module is C/gS(g[„ x gi^^) -spherical if and only if its highest weight has the following form: 

A = (Ai — A2, A2 — A3, . . . , A„_i — A„, 2A„, A„_i — A„, . . . , A2 — A3, Ai — A2), A G A„. 

We will denote by Lx the Uq5l2n-'module with highest weight A. 

A scalar produc10 (•, •) in V is called [/gSU2n-invariant if for any ^ G Uq5l2n and for any Vi,V2 G V 

{Cvi,V2) = {V1,CV2)- 

Any spherical ?7gS[2n-module V can be equipped with a C/gSU2ra-invariant scalar product. Fix 
V € y'^9^'(9'nX0'n) by the requircmeut {v,v) = 1. Recall (see \13\ §11.6.4]) that the matrix element 
^viO — (C^^) corresponding to C/gS(gl„ x gl„)-invariant vector is called the spherical function on the 
quantum group SU2n corresponding to V. 

Thus (fv is a ?7gS(0l„ x g[„)-biinvariant element of C[SU2n]q such that 

ipvil) = 1. 

The lemma below follows from the results of |14j . 
Lemma 3 

{(pvT = fv- 

It follows from Proposition 7 of [3] and Lemma 1 of [2] that the subalgebra of [/g5(0[„ x gl„)- 
biinvariant functions in C[SU2n]q is generated by the pctirwis6 commuting Glcments xi, • • • ? ^n* 

In 

particular, every spherical function ipv is a polynomial in xi, X2, . . . , Denote by ipx{xi,X2, ■ ■ ■ , x„) 
the spherical function corresponding to the module Lx- In this Section we will find an exact formula 

for ipx{xi,X2, ■ . .,Xn). 

*A sesquilinear positive definite Hermitian symmetric form. 
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3.1.1 Little gr-Jacobi polynomials 

We will use the following partial order on A„ 

k k 

rj < X -^"^rjj <'^Xj, k = l,2,...,n. 

def 

As usual, 7] < X <^=^ 1] < X &: f] ^ X. 

Introduce the short notation l'^' = (1, . . . , 1, 0, . . . , 0). Let us denote by m\ the monic symmetric 

k 

polynomial 

Let Pa be a unique symmetric polynomial which satisfies the following two conditions 

1) Pxiz) = mx{z) + Yj dx^r^ruriiz), dA,r, G M, 

ri<\ 

2) ff ...ff'^ Px{z)m,^{z)A{zfd^2Zi...dg2Zn = 0, r/ < A, 
where the multiple Jackson integral (cf. ((HI)) is defined as 

r'... r^"md,.z,...d^.z^={i-q'r E 

AeA„ 

Remark 2 It is easy to see that 

Px{z)=Px{z;0,0;q^), 
where Px{z;a,b;q) are Little q-Jacobi polynomials (see 127]). 

Let Px be a polynomial such that 

^'a(^) = Px{ei{z),q\2{z), (?"("-i)e„(z)). 

From the results of Subsection 12.31 and [26j . \25\ Theorem 4.7.5] one can deduce the following theorem: 

Theorem 1 The spherical function (fx is equal (up to a multiplicative constant) to 

Px{xi,X2, . . .,Xn)- 
Denote the fundamental spherical weights by 

//fc = 1'=, A; G {1,2,... ,n}, 

and denote by 

n 

P^^^^^ = ^z+f,, = {X\XeAn} 

k=l 

the set of positive spherical weights, and by 

n 

pspher = = I ^ g (^^g) 

k=l 

the set of all spherical weights. 
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Stokman proved the following formula in [271 Proposition 5.9]: 

n 

Px{zi,Z2,...,Zn) = l^{z)~^ ^ sign(u;)]^P(A+5)^(^)(zi), 

weSn i=i 

where Pmiz) are Little g-Jacobi polynomials in one variable. 
Recall the 'coordinates' ui,U2, ■ ■ ■ ,Un appeared in (fT2]) . 

Corollary 1 Let \ e An- Then 

n 

ipx{u) = const Px{u) = constA(n)"^ ^ sign{w)Y[Pd{x,w,i){ui), 

weSn 1=1 

where d{X, w, i) = (A + 5)^(^i) E Z. 



3.2 Difference operators and the action of the center of Ug^^3l2n 

Let Qij be the Cartan matrix of the Lie algebra sl2n- Denote by a^, i — 1,2,... , 2n — 1, simple roots 
such that ai{Hj) = aji and by ^> the root system of the Lie algebra 5l2n- 

In this Subsection we will consider the action of the center of Uq5\2n in weight modules. Note that 
it is more convenient to use the center of the extended quantum universal enveloping algebra U^^5l2n- 
Essentially, Uq^^5\.2n can be obtained from Uq5[2n by adding the elements 

2n-l 

Kx = Kl^K^2' ■ ■ ■ Kn-l . ^=Y. 

i=l 

for all A in the weight lattice P. In particular, the action of Uq5l2n in any weight module admits a 
unique extension to the action of C/g^*s[2n- Denote by Z{U^^^5l2n) the center of the extended universal 
enveloping algebra. 

Recall some definitions, cf. Consider the real linear span f)^ of all simple roots of the Lie 

algebra 5l2n- It is well known that there is a positive definite scalar product (•,•) in f)^. Denote by 
([)^)~ C f)^ the real subspace spanned by the strictly orthogonal noncompact positive roots 

lk = ak + Q-k+i + • • • + a2n-k-i + OL2n-k, /c G {1, 2, . . . , n}, 

and by (fjjg)^ C \)\ its orthogonal complement. It is well known that the orthogonal projection of the 
root system ^> to (fl^)" is a root system of type Cn and it is called the system of restricted roots <^^'^^ . 
The Weyl group W^'^^ of the root system W^'^ is called the restricted Weyl group. 
Let C[P'^P'^'^'']g be an algebra generated by the following functions on p^pher. 



res 
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This algebra is naturally isomorphic to the group algebra of the lattice p«pher_ Denote by C[P'^P'^<''']f 
the subalgebra of 11/^'''^'^-invariants in C[P'^P'^°'^]q: 

(^[pspherjw-- = {/ € C[P"P^'='']g I f(w\) = /(A) for ah w G W'^\ A G P^Ph^--}. 

Here we provide a well-known description of the image of the center Z([/^^*s[2n) under the Harish- 
Chandra homomorphism 7'^?'^'='^ : Z(C/°^*s[2„) ^ £\P'''^'^''\ (see P). 



Proposition 8 The image of Z{U^^^5l2n) under the Harish- Chandra homomorphism is the subalgebra 
J? 
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Set for A € C" 

a(A + 5) = (a(Ai + n - 1), a(A2 + n - 2), . . . , a(An)), 

where 

Proposition 9 There are such elements Ck G ^(C/g^*5l2n), A; = 1, 2, . . . , t/iai 

Cfc(/JA = efc(a(A + (5))(/jA, A e A„. (18) 

Proof. Consider the mapping: 

t™« X / X N /X 2n — 1 ^ 2n — 3 , 3 , 1 , 

A„ ^ R", A ^ ry(A) = (Ai M Xn-i " 2' " 2^' 

Then 

VW = A - /J, 

where 

A = (Ai — A2, A2 — A3, . . . , A„_i — A„, 2An, An-i — An, . . . , A2 — A3, Ai — A2) G P- 
We need the following functions on p^^P^^r. 

V'fc : A^efe(a(r/(A) + 5)), fc G {1, 2, . . . , n}, (19) 

A E is uniquely defined by the spherical weight A G pspher^ (|i5|) . 

Due to Proposition [8] we only need to check the T^'^'^'^-invariance of the functions tp^- 
It is easy to see that 

efc(a(r/(A) + 5)) = 

(1 _ g2)-2/Cg^((i _ g-2Ai+l)(^ _ ^2Ai+l)^ _ q~2X,+l^^^ _ ^2X,+1^^ _ _ _ ^ (-^ _ ^-2A„+1^(^ _ g2A„+l)^_ 

Besides, 

A = Ai7i + A272 + . . . + A„7„. 



As the group W'^'^^ acts on 7^ by permutations and sign changes, the function (|19p is l^^'^^'^-invariant. 
□ 

Let £fc be the linear operator in C[SL2n]q defined by C^f = C^f ■ 

The action of f/f *s(2 n in the space of {7qS(0l„ x gl„)-biinvariant functions determines the homo- 
morphism 

Z([/f *5(2„) ^ End(C[ui,n2, . . .,Unf"), 

as 

see Subsection 12.31 Here we will describe the action of the linear operators £i, £2-, >C„ in the space 
(EOl). 

Let us define the difference operator in the space C[ui,U2, ■ ■ ■ , Un] with 

OuJ'iui, ...,Un) = Du^Ui{l - q~^Ui)DuJ{ui, . . .,Un), (21) 

^nrhor-o n f(^, ^, \ — f(ui,...,Ui-i,q-''-Ui,Ui + l,...,U„)-f{u-i,...,Ui-i,qUi,Ui + l,...,Un) 

wneie LJuilKU-l, • • • , "nj — q-^Ui-qm ■ 

Proposition 10 

^k\c[ui,u2,...,ur,]Sr^ = efc(nui,...,n„„) A(n). (22) 
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Proof. In Subsection 14.1.31 it will be showed that in the case of one variable 

From (jl7p and the determinant decomposition described in Corollary [1] it follows that 

-iri-T efc(nni, • • •,□«„) A('u) (fxiu) = efc(a(A + 6))ipx{u), A e A„. 
A(n) 

The equality (p2|) follows from Proposition [9l as the set {ipx}x£A„ is a basis of the vector space 

4 Plancherel measure for the quantum matrix ball 

4.1 The Plancherel measure for a family of operators Cl^'^^^^ Cl^'^^^\ 
4.1.1 Linear operators Cl'"^'''^ Cl'^'^\ C'^^'^^ in the space L^{Ajj>, di^g) 
Let us consider the elements 

Ci, C2, . . . ,Cn ^ Z{Ug^^Sl2n) 

defined in (flSj) . Let also >Cfc be the linear operator in ViJQ))^ defined by 

^kf = Ckf- 

Now we describe the restriction of the linear operator Ck, k = 1,2, ...,n, to the space 
'j)(p)'^i<si„x0U Qf Ug5{g[^ X 0l„)-invariants in V{B)g. 

Let us introduce the short notation /^^^■diai f^j. ^j^g restriction of Cj. to 

Proposition 11 

= ^ efc(n„„ . . . , A(n), (23) 

where O^. are the difference operators in the vector space ()13p defined by the same formula as in (|2ip . 

Proof. Following Subsection 12.31 the vector space of C/gS(gl„ x -invariants in I'(ID')q can be 
identified with the space D{T,o) of functions on Sj} with finite support. Using Lemma [2] one can 
obtain that the vector space of f7gS(0[„ x -invariants in 2)(ID))g is canonically isomorphic to the 
space T){Ao) of functions on Ao with finite support. Consider the point-wise convergence topology 
on AjD). 

The space of symmetric polynomials in Ajb is dense in topological space T{Ao) of functions on 
Au, and the equation (f23l) takes place for symmetric polynomials following ([22]) and ([201) . 

The linear operators in both parts of equation (j23p can be extended continuously from the space 
of symmetric polynomials in Ao to T{An), and the equation (f23l) takes place for the whole space 
^(Ae). □ 

Now we recall the measure on Ajj: 

dVq{u) = J\f A{u)'^ dq-2Uldq-2U2 ■ ■ ■ dq-2Un, (24) 

where J\f is defined in (llSp . It is the restriction of the invariant measure to the space ^(i]))^''^^^'"^^'"'*^ 
which we already identified with D{Aj],), see Proposition [71 

Let us introduce the Hilbert space -L^(A]D), dfg) of functions on the set Ao which satisfy 

\f{u)\^dug{u) < oo. 

Ad 
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where 

{f,9) = I g{u)f{u)dvq{u) 



It will be proved in the sequel (Lemma [7|) that the linear operators , C2 ■• ■■■■> 

be continuously extended to the bounded pairwise commuting self-adjoint operators in L'^{/\n,duq). 

Our goal is to find a Plancherel measure dS on the joint spectrum of commuting self-adjoint linear 
operators Cf^^"^^, Cf^^"^^, C^'^'''^ and a unitary operator J : L'^{Ao,di'q) ^ L'^{dT,) which provides a 
unitary equivalence between the operators C\^'^^^^, £2^*^'^', C'lj^'^^'^^ and the operators of multiplication 
by independent variable, such as 'Jfo = 1. 

The element /o G L'^{An,di'q) is a cychc vector under the action of Cl^'^^^^, £2^'^^^^, ^CJf^"^^ (one 
can prove it explicitly, see Subsection 14. 1 .2 j ) . However, it follows from the isometry of the operator 9" 
and Remarks M and El 

The considered problems are typical for the theory of commutative operator *-algebras with a 
cyclic vector [El p. 570-571], [281 P- 103]. 

4.1.2 The cyclic vector /o 

Here we discuss the fact that the element /o G L^(A]D), dz^g) is a cyclic vector under the action of the 
operators Cf'^'^\ Cf'^^^\ C'^'^'^K 

By direct computation we obtain the following lemma. 

Lemma 4 In the case of quantum disk 

Oufoiq^'u) = Ck,^ifoiq^'-\) + Cfc,o/o(g''n) + Cfe,i/o(g''+'tx), k G Z+, (25) 

where c^-i, Ckfi, c^^i are nonzero constants. 

For example, 

Oufo{u) = Duu{l - q u)Duh{u) = 5- 5—. 

1 — q"^ 1 — q'^ 

Here foiq '^u) = for u G q~'^^~^ , so the first term in (I25p vanishes. 
The next lemma follows from the previous one by induction 

Lemma 5 

where d G {—1,0, 1}", caTd{j\dj / 0} < i and Cd / 0. 

Lemma 6 The linear span of the action of C^''^^^^, C'^^'^^^^, dj^'^^^^ on /o contains the set of finite 
functions on 2)(Ae). 

Sketch of the proof. Lemma[5]imphes that the linear span of the action of C\^'^^^^, C^^'^^^^, £^'^'^"^^ 
on /o contains the set 

Sb = {foiq'^^'-'^n) I A G AJ 

of characteristic functions of points of Ap. 

The last lemma implies that /o is cyclic as the set of finite functions T>{Ao) is dense in L^(Ai[i), di^g). 
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4.1.3 Example: the quantum disk 

In this Subsection we recall the Plancherel measure da for the quantum disk found in [20]. 

Consider the Hilbert space of functions on the geometric series q~'^^+ which satisfy the 

condition 



\f{u)fdg-2U < oo 



with the scalar product 



if, 9) = / g{u)f{u)d„-2U. 



Recall the notation for the difference operator D^j, which acts in the space of functions on geometric 
series by 

Uufiu) = Duu{l - q-^u)Duf{u), 

where 

q — qu 

Then <^i^' = 

Let us describe the eigenfunctions of the difference operator Introduce the notation 

for a basic hypergeometric function (see [8]). 
Proposition 12 (^2^ 18]) 

Uu^l{u)=a{l)^l{u), 

where a{l) is defined in (|17|) ; 

«(0 = ^Y^^ • 

Remark 3 <^i{l) = 1. 

Remark 4 ^i{u) is equal up to a multiplicative constant to ^i{u). 
Let 

c(0 ^^'^''^'^ 



be a g-analogue of the Harish-Chandra c-function. Here Tq2{x) = /^J^^a*^^ (1 — (?^)^ ^ is a well-known 
g-analogue of the Gamma function T{x). 
Let us consider the measure 



da{p) = J- ^ 



27r 1-^2 +ip)c(-i -ip) 

on the interval [0, 7r//i], where h = —2 In q. 
Consider the operator 

CO 

:F: f^f{p)=J ^^r^,^{u)f{u)d^-2U 

1 
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defined in the space of finite functions on the geometric series q ^^+. It is shown in \20i Theorem 9.2] 
that this operator can be extended to a unitary operator : L^(g'^^^+) — > L^([0, vr/Zi], da) such as 

Tauf = a{-^ + ip)Tf, f G L''{[0,7r/h],da), 
where a{l) is defined in ()17p . The inverse operator JF~^ has the form 

n/h 


4.1.4 The quantum matrix ball 

We will call an eigenfunction of a difference operator a generalized one if it does not belong to L^. 
These functions are used in the sequel for the construction of the operator J^. 
Consider the isometric linear operator H 



3:L\An,dug)^L\q 



-2Z" • 



J : f{u)^A{u)f{u), (26) 

where / is defined in the following way: for every u = (ui, . . . ,Un) with Ui ^ Uj for i ^ j there exists 
a unique permutation w G Sn such as Uwi > > . . . > Uw^ . Then 

7t \ J ~^fi'^wi,---,Uw^), Uiy^Uj, i j, -2Z+ 

f{u) = < V"! ^. ■ Ui,U2,. ■ ■ ,Un e q +. 

I U, otherwise, 

Consider the notation 

£fc = efc(n„^,n„2, ••• ,□«„), = 1,2, . . . ,n, (27) 

for the difference operators in L'^{q~^^+)q. Then the following diagram is commutative: 

L\A„,dug)^^L^{q-^^l) 

/^radial 

L\Aj,,dv,)^L\q-'''^'l). 

Lemma 7 The operators Cf''^^^^ , Cf'^^^^ ^ • • ^'n'^^^^ Hilbert space L'^{Ao,diyq) are bounded self- 

adjoint and pairwise commuting. 

Proof. The explicit formulas of Subsection 14.1.31 imply that the operators are bounded for all 
1 < i < n (unlike in the classical case), so the same holds for Ci, C2, ■ ■ ■ Cn- Moreover, it is easy to see 
that the operators and n\u^ commute for 1 < i < j < n (as they are acting in different variables), 

so the operators Ci, Cj commute for 1 < i < j < n too. 

Also, the operators 0^;, i = 1,2, ... ,n, are symmetric, so they are bounded self-adjoint operators 
in L^((7~^^+)g. Thus, jCi, i = 1,2, . . . ,n, are pairwise commuting bounded self-adjoint linear operators 
in L^(g~^^+)g. As the mapping J is isometric, the operators C^^'^^^^, . . . C^^^^^^ are also bounded 

self-adjoint and pairwise commuting. □ 



^ Z/^(g is a short notation for L^{q ^'^^ x . . . x g '"'^)q with the product measure, multiphcated by f\f. 
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Using Proposition [T2I one can easily show that the functions ^ij^{ui)^i^{u2) ■ ■ ■ ^i„{'^n) on 
are common generahzed eigenfunctions of the operators (j27p . We will need the common eigenfunctions 
which are in the image of the operator d. It is easy to see that 

<Ph,l2,...,lniui,U2,...,Un) = sign(o-) ^>;^(n^J$i2(u<^2)...$;„(u^„) G ImJ 
are common generalized eigenfunctions. Let 

= {{Pl,P2, ...,Pn)^ [0,7r//l]", pi> P2 ■■■> Pn}- 

Lemma 8 The pairwise commuting bounded self-adjoint operators Ck, k = 1,2, ... ,n, are unitary 
equivalent to the operators of multiplication by 

11 1 
efc(a(-- +ipi),a{-- + ip2), • • -^^i-- +ipn)), k = l,2,...,n, 

(respectively) in the Hilbert space L^{TZ,{nl)Af{da)^\'ji). The unitary equivalence is provided by the 
mapping 

U:lm3^ L^{n, {n\)M{daT\n), 

U : f(u\,U2, ... ,Un)^ 
00 00 

fipl,P2,---,Pn) =J^ [ ■■■ [ _l^i^^{u)f{u)dq-2Ul...dq-2Un. 

The inverse operator is 



1 1 



U ^ : f{pi,P2,---,Pn) ^ 

M I ... I fipi 



n 

Proof. This lemma follows from results of Subsection 14.1 .31 and the explicit formulas for the operators 
C\,..., Cji ■ 

Remark 5 The last equalities define U on a dense linear manifold of the functions with finite support 
on the set a + . 



Let us introduce the notation 



E sign(a) ^i,{u^,)^i^{u^.,)...^i„{ua„ 



Remark 6 (see Corollary{l\ and Remark^. The spherical function ipx{u), A G A„ is equal up to a 
multiplicative constant to ^ii^i2,...,i„{u), where /j = (A + 5)i € Z. 

Using this lemma and the definition (|26p of the operator J, one can easily obtain the following 
lemma. 
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Lemma 9 The pairwise commuting bounded self-adjoint operators C^j^'^^^^, k = 1,2, ... ,n are unitary 
equivalent to the operators of multiplication by 

efc(a(-^ +ipi),a{-^ +ip2), ■ ■ • '«(-^ + '^Pn)), k = l,2,...,n 

(respectively) in the Hilbert space L'^{7l,{nl)Af{da)^\ii). The unitary equivalence is provided by the 
mapping 

II ■ T'^( \^ rl,^^j 



U : f{u) ^ f{pi,p2,...,pn) = J ^_i+ip,,_i+ip2,...,_i+ip„(n)/(t/)(iz.g(n), 

An 



where the measure dvq[u) is defined in (j24p . 
The inverse operator is 

■ f{Pl,P2,---,Pn) ^ 
f{pi,P2, Pn)"^, l+ip2,...,-i+ip„ W i^-W d(j{pi) . . . da{pn). 



n 

Remark 7 The last equalities define U on a dense linear manifold of functions with finite support on 
the set Ad). 

Lemma 10 

'n-l 



Kfo = JVAiq-'^r' I n ^fT'th ^'^'^'-' I n (l'"'"' + l"'"' - I'"'"'' - (29) 

\j=0 h ) l<k<j<n 

where the constant J\f is defined in (|15p . 
Proof. 

iUfo){p,,P2, ...,Pn)= A^^-i+.p„-i + .p„...,-i+.pJl, • • • , Q-'^"--'^) = 

AfA{q-'')-' Y: sign(a) <J>_i+.p,(l)<&_i+.,,(«-^) • • • (30) 

cr&Sn 

It can be verified that the last expression is a polynomial in the variables g*''^ +q~'^^^ , ■ ■ ■ , Q^^" + g"*''" . 
It is antisymmetric, so 

Yl {q-^'P^ + q^'Pi - q-^'P^ - q^'f"=) (31) 

l<k<j<n 



is a factor of (|30p . One can compare the degrees of the polynomials in the right-hand sides of (jSOp and 
(fSTIl as the elements of the graded algebra C[q'P^ + q'^P^q'^^ + q~'P^,. . . , q'P" + q~'P"]. The degree of 



the polynomial ([3T]) is "^"^ • Since 



, „l+ip ri^-ip n^2k 



2 



,=0 («';'^')' 



then the degree of Ufo is ""^"r, , and it proves ([29j) up to a constant. This constant can be found by 



2 

comparing the highest monomial coefficients in the lexicographic order. □ 
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Denote 



k(P1,/)2, ■■■,Pn) 



("^1 f -2} 2\ \ 
n ( 2 'L^ ^^'^'^^'M n {q-'''^+q'"'^-q-'""^-q'''^). (32) 
j=0 W )9 Jj y l<fc<i<n 

Notice that the function k{pi, p2, ■ ■ ■ , Pn) is positive on TZ. Consider the operator 

i -U 

K[P1,P2, ■■■,Pn) 

and the measure 

dT.{pi,p2, ■ ■ ■ ,Pn) = k{pi,P2, ■ ■ ■ ,pnf{n\)M{d(j{pi) . ..da{pn))\n (33) 

on the set IZ (the constant N is defined in (fTC|) ). 

The following proposition is the consequence of Lemmas [9] and [TOl 

Proposition 13 T/ie pairwise commuting bounded self-adjoint operators Cj^'^^''^^, k = 1,2, ... ,n, are 
unitary equivalent to the operators of multiplication by 

efc(a(-| + ipi),a{-^ + ip2), ■ ■ ■ , a{-^ + ipn)) j, _ i o 

7 ^ ) K—i,z,...,n 

(respectively) in the Hilbert space L?'{JZ,dT?). The unitary equivalence is provided by the mapping 

: L\Ao,di^q) ^ L\n,di:), 



^ ■ f{y) ^ f{pi,P2, ...,Pn) = 

^ ' i+,,J^^)/(n)d^^,(^.), (34) 



k(P1,/32, • • • ,Pn 

Ad 

where ^ii,i2,...,i„iu) are defined in (j28p . and the measure dvq{u) is defined in (j24p . 
The inverse mapping is 

■ f{Pl,P2, ...,Pn)^ 
j f{pi,P2, Pn)^^ (u) d^{pi,p2, Pn)- 

n 

Remark 8 The cyclic vector /o € L^(Ao,(it'q) is mapped into 1 E L'^{TZ,dT,) by T . 

Remark 9 For the convenience we use the variables pi, p2, ■ ■ ■ , Pn in the image of Notice that if 
we change the variables 

ek{a{-h + ipi),a{-\ + ip2), a{-\ + ipn)) 
Zk = -, ^ 

K{pi,p2, ...,Pn) 

we get that T maps CJ^^^^ into the operator of multiplication by the independent variable ■ 
The measure dS on IZ defined in (j33jl is a sought-for radial part of the Plancherel measure. 
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